Abstract. We know that almost all Brauer trees are shaped like a star. Given such a star and an odd prime l, we give an explicit method for constructing infinitely many groups with this star as the Brauer tree of some l-block. Furthermore we show that there is an infinite family of Brauer trees which cannot be realized in the principal block of any group.
Introduction
Feit showed in his paper [6] that every Brauer tree is similar to an 'unfolded' Brauer tree of a covering group of a finite simple group. Feit called two Brauer trees similar if both are unfoldings of a third Brauer tree around its exceptional vertex. Moreover he proved, using the classification of the finite simple groups, that a Brauer tree of a covering group of a finite simple group either has at most 248 edges or is a straight line. On the one hand, in [7] , [8] , [9] Fong and Srinivasan analysed Brauer trees for a given prime l in classical groups and showed that they are straight lines with the exceptional vertex occupying a position depending on the chosen parameters. On the other hand we know that the alternating groups have straight lines as Brauer trees, too. Hence 'most' Brauer trees are unfolded straight lines, i.e. stars as in Figure 1 .
In this paper we investigate the class of star shaped Brauer trees. Before we formulate our main results, we give a precise definition. Definition 1.1. Let s be a non-negative integer and t, f be positive integers. A star shaped Brauer tree S s; t; f as in Figure 1 is a tree with f rays with s edges and f rays with t edges, with the understanding that there are only f rays with t edges if s ¼ 0. If f > 1, the exceptional character, if it exists, is located at the center of this star. If f ¼ 1, we assume that an exceptional character exists and that s edges are on one side and t edges are on the other side of the exceptional vertex. We call S s; t; 1 a basic tree. Theorem 1. Let l be an odd prime. Let s be a non-negative integer and let d, t, f be positve integers, such that ef j l À 1, where e :¼ s þ t. Then there are infinitely many groups having a cyclic l-block of defect d with Brauer tree S s; t; f . More specifically, the following assertions hold.
(a) If s ¼ 0, hence e ¼ t, there are infinitely many primes p such that the principal l-block of GL e ð p f Þ z hsi has a cyclic block of defect d and has Brauer tree S 0; e; f . Here, s denotes the field automorphism of order f acting on GL e ð p f Þ. In each case the star S s; t; f is the planar embedded Brauer tree of the block. After this constructive part we turn to the question whether every Brauer tree is realizable in the principal block of some group. We show that it su‰ces to answer this question for simple groups. Theorem 2 gives an infinite family of Brauer trees which do not occur in any principal l-block.
Theorem 2.
With the notation of Theorem 1, let s, t be positive integers with s 0 t and s þ t > 248. Then S s; t; f is not the Brauer tree of any principal l-block.
After reducing the assertion of Theorem 2 to finite simple groups, we need the classification for its proof. Since we do not know the shape of the Brauer trees of the principal blocks of E 7 ðqÞ and E 8 ðqÞ, we can only use the fact that the number of edges is less than 249 in these cases. This is the reason for restricting the class of Brauer trees in Theorem 2. In fact, as we will see in Section 6, there are only a few exceptions, where a principal l-block is an irregularly shaped star with fewer than 249 edges.
In Section 2 we ensure the existence of suitable primes needed as characteristics of fields in subsequent sections. In Sections 3, 4 and 5 we construct groups having an l-block with the desired Brauer tree. The question whether there are possible Brauer trees which cannot be realized in the principal block of some group is analysed in Section 6. First we prove that it su‰ces to consider Brauer trees of simple groups and then we examine the Brauer trees of the principal blocks of simple groups.
Primes and more
In Sections 3, 4 and 5 we will examine classical groups over finite fields whose characteristic must satisfy several conditions. Here we show that such primes exist and that there are infinitely many of them. Throughout this paper we fix an odd prime l and let x denote the residue class of x in Z=lZ for x A Z and jxj l the order of x in Z=lZ, if l F x. We further denote the l-adic valuation by n l . Proposition 2.1. Let l be an odd prime, and let d, k be positive integers such that k j l À 1. Then there are infinitely many primes p satisfying . We apply Dirichlet's theorem [12, p. 176 ] to l dþ1 and a, and find infinitely many k 0 in N such that a þ k 0 l dþ1 is a prime which satisfies (1) . r 3 The regularly shaped star 3.1 The basic tree. With the notation of Theorem 1 we let s ¼ 0, i.e., e ¼ t, and f be a positive integer such that ef j l À 1. We apply Proposition 2.1 to k ¼ ef , fix one of the primes and denote it by p. Hence,
Put q :¼ p f and denote the general linear group GL e ðqÞ by G. Further let T 0 c G be a Coxeter torus (see [17, p. 187] ) and D 0 c T 0 be the Sylow l-subgroup of T 0 . Then D 0 is also a Sylow l-subgroup of G.
Proof. For the first two equalities see [17, p. 187 [8] we know that the Brauer tree of the principal block of G is of the form with the exceptional vertex at one end. To obtain the star S 0; e; f , it remains to unfold the basic tree by extending G. and l j p iþf k 0 À 1 for some 0 c k 0 c e À 1, which contradicts (2) . Thus the assumption is wrong.
(
AsĜ G=G is cyclic of order f the assertion follows. r
Hence the Brauer tree of the principal block ofĜ G has the desired number of edges. From [6, Lemma 3.2] we know that the basic tree opens at the exceptional vertex while expanding G toĜ G.
The irregularly shaped star I
Throughout this section we let l be an odd prime and s, t, f be positive integers such that s þ t ¼: e is odd and ef j l À 1. Put
&

Note that 2ef
0 j l À 1. We then apply Proposition 2.1 to k ¼ 2ef 0 , fix one of the primes and denote it by p. Hence,
We put q :¼ p f 0 and denote by G n :¼ GU n ðqÞ the general unitary group over F q 2 , i.e., the matrix group G n :¼ fx A GL n ðq 2 Þ j xx tr ¼ E n g, where x is the matrix obtained by raising each entry to its qth power. By condition (3), we have l j q e þ 1 and l F q j þ 1 for 1 c j c e À 1. Hence jÀqj l ¼ e and jqj l ¼ 2e, and by [9, §2] , l is unitary for G n .
Theoretical background.
Let us first recall some background information which will be of great use later. (d) A hook n of a b-set X is a pair ðy; xÞ A N 2 0 such that 0 c y < x and y B X , x A X . The length of such a hook is r :¼ x À y and n is then an r-hook.
(e) Let l ' m be a partition, X a b-set for l and n ¼ ðy; xÞ an r-hook. We obtain a set X 1 :¼ fyg U X nfxg by removing n. We say that X is obtained from X 1 by adding n. Note that X 1 is a b-set for a partition l 1 ' m À r. Removing r-hooks as often as possible from X will result in a unique b-set after a finite number of steps, whose corresponding partition is called the r-core of l.
(f ) For r A N consider an r-abacus consisting of r strings, numbered from left to right by 0; 1; . . . ; r À 1 and from top to bottom by 0; 1; . . . . A position on string i and row w is numbered by i þ wr. For a partition l and a b-set X for l we obtain the corresponding abacus by putting a bead on string i and row t (0 c i c r À 1, w A N 0 ) if and only if i þ wr is an element of X . Note that removing or adding the r-hook ðy; xÞ from X means to shu¿e up or down the bead belonging to x to the (free) position above or below, respectively. The lowest bead on a string is called the index bead.
In our situation we need to consider unipotent blocks and their unipotent characters, which are analysed in [23] and [24] . (a) The unipotent characters of G n are parametrized by the partitions of n. We write w l for the unipotent character which is parametrized by l ' n.
(b) Let w l , w m be unipotent characters. Then w l and w m lie in the same block if and only if l and w have the same e-core.
Proof. See [7] . r Lemma 4.3. Let e be odd and 1 c s c ðe À 1Þ=2. Then there is a positive integer n and an e-core k ' n À e such that the corresponding e-abacus has a bead on each position of the first row, s even and t :¼ e À s odd index beads. Moreover k is a 2-core.
Proof. Note that two positions, one below the other, are of di¤erent parity. First put a bead on each position of the first row. Then put beads on strings 0 to 2s þ 1 on the second row. Further put beads only on odd positions of the remaining strings of the second row. Hence we get the desired number of odd and even index beads. r Let x 1 < Á Á Á < x k be the beads in the above theorem. Then k ' P r i¼0 i ¼: n À e, with r ¼ ðe À ð2s þ 1ÞÞ=2, and hence n À e is of the form rðr þ 1Þ=2. Theorem 4.4. Let B k be a unipotent block of G n with cyclic defect group and corresponding e-core k ' n À e. Let X ¼ fx 1 ; . . . ; x k g be a b-set for k and consider the resulting e-abacus of X . We assume that there is at least one bead on each string; otherwise we consider an equivalent b-set. The index beads r 1 ; . . . ; r e will be ordered such that r 1 > Á Á Á > r e . The partitions l r i obtained by adding the hook ðr i ; r i þ eÞ to k for 1 c i c e label the non-exceptional characters of B k .
Proof. See [9, p. 10] . r Theorem 4.5. Let G n , B k , r 1 ; . . . ; r e and l r 1 ; . . . ; l r e be as in Theorem 4.4. Denote the subsequence of the even index beads in ðr 1 ; . . . ; r e Þ by ðs 1 ; . . . ; s s Þ and the subsequence of the odd (remaining) beads by ðt 1 ; . . . ; t t Þ. We obtain two types of partitions in Theorem 4.4: l s 1 ; . . . ; l s s (bead s i was shu¿ed down for 1 c i c s), l t 1 ; . . . ; l t t (bead t j was shu¿ed down for 1 c j c t).
Then the Brauer tree of B k is a basic tree of the following shape with the exceptional character between w s s and w t t :
Proof. See [9, p. 21] . r
The preceding theorem helps us to find a group with a block having S s; t; f as Brauer tree.
4.2 The basic tree. Let n, k be as in Lemma 4.3. We proceed to show that B k has a cyclic defect group. Proof. See [18, p. 149] . r If m is even, then there is no cyclic irreducible subgroup in G m , and we see the reason for distinguishing between e odd and even.
By (3), a Sylow l-subgroup of a maximal irreducible subgroup T c G e is also a Sylow l-subgroup of G e . In particular the block B k has a cyclic defect group by [3] .
For the remainder of this section let us fix a Coxeter torus T 0 of G e and the Sylow l-subgroup D 0 c T 0 . By [17, p. 165], we see that there is a Coxeter torus T 1 of GL e ðq 2 Þ with T 0 c T 1 .
Lemma 4.7. Let G e and T 0 be as above. Then the following assertions hold.
where N G e ðT 0 Þ is a cyclic extension of T 0 of order e.
, hence because of the assumptions (3) the first assertion follows from an argument like that in Lemma 3.1. As all eigenvalues of a generator t of T 0 di¤er from 1, the second assertion follows by direct calculation of xt and
(c) This is similar to to (a) and Lemma 3. , G nÀe has a unique cuspidal character w k since n À e ¼ rðr þ 1Þ=2. In a similar way to the discussion at the end of Subsection 3.1 we find the canonical character 1 T 0 n w k of B k , whose Brauer tree is a basic tree.
4.3 Unfolding the basic tree. We now consider an extension of G n of suitable degree and analyse the corresponding extensions of the blocks and their defect groups under consideration. Obviously the restricted Frobenius automorphism a :¼ a jF q 2 acts on G n . Let
As G e and G nÀe are invariant under a 0 , there exists
Proof. This is similar to the proof of Lemma 3.1 with (3). r By [1, Theorem 1 (5)], there is a unique blockB B ofĜ G n covering B k withB B ¼ ðB k ÞĜ G n .
Lemma 4.9. The cuspidal character w k is invariant under sj G nÀe .
Proof. We only need to show the assertion for a 00 :¼ a 0 j G nÀe . Since the DeligneLusztig varieties (see [4, §7.7] which is 0 by the cuspidality of w k . By the uniqueness of w k , the claim follows. r
We analyse the inertia index of 1 T 0 n w k :
Proof. Since D 0 is invariant under s, NĜ G n ðD 0 Þ ¼ hN G n ðD 0 Þ; si. Moreover 1 T 0 n w k is invariant in N G n ðD 0 Þ and w k under s by Lemma 4.9. r Hence the number of edges of the Brauer tree ofĜ G n is
By [6, Lemmas 3.2 and 4.3], this Brauer tree is an f -fold unfolding of the basic tree around its exceptional vertex.
Remark 4.11. The tree in Figure 1 is the planar embedded Brauer tree of the unipotent blockB B. For assume that the planar embedding is not as in Figure 1 . Then there are two rays of length s placed next to each other. Let the labelling of the edges of the Brauer trees be as in Figure 2 and Figure 3 .
By [1, §17] , we can deduce the exact structure of the projective indecomposable modules corresponding to the simple modules from the Brauer tree. In particular we know that under the above assumption
is indecomposable as aB B-module. However, the Brauer tree of B k indicates that the restriction of this module to G n decomposes as a direct sum S 1 l S 1 . This is a contradiction by [19, Theorem 7.20] , as the degree f of the extension does not divide l. 
We put q :¼ p f and denote the m Â m matrix which has 1 on the anti-diagonal and 0 everywhere else by J m . Fix some a A F q such that X 2 þ X þ a is irreducible in F q ½X and putJ 
We denote the equivalence class containing L by ½L.
(2) The defect of a symbol L ¼ fX ; Y g is defined by defðLÞ ¼ j jX j À jY j j, and the rank of L ¼ fX ; Y g is given by Then x À y ¼: k is called the length of n which is then called a k-cohook. The symbol L 0 obtained from deleting x from X (resp. Y ) and adding y to Y (resp. X ) is said to be obtained from L by removing n. The e 0 -cocore L y of X is the unique symbol obtained by deleting e 0 -cohooks as often as possible. If L is degenerate and L 0 L y , both copies of L y are considered as the e 0 -cocore of L (see [9] ).
Definition 5.2. Let L ¼ fX ; Y g be a symbol and e 0 be a positive integer. By an eabacus we mean an abacus with e ¼ 2e 0 strings numbered from left to right by 0 l ; . . . ; ðe 0 À 1Þ l ; 0 r ; . . . ; ðe 0 À 1Þ r and from top to bottom by 0; 1; . . . . With L we associate an abacus diagram, called the e-unitary diagram, obtained as follows: For a positive integer t we put a bead on the i l th string of row number t if t is even and if i þ te 0 ¼: x 0 is an element of X or if t is odd and x 0 is an element of Y . Similarly we put a bead on string i r and row number t if t is even and i þ te 0 ¼ x 0 is an element of Y or if t is odd and x 0 is an element of X . In these cases we say that the bead has number x 0 l and x 0 r , respectively. The bead appearing last on its string is called the index-bead.
Note that removing an e 0 -cohook n ¼ ðy; xÞ from a symbol L means pushing the bead x up to the (free) position y lying above x. In these cases the cuspidal character is unique.
Lemma 5.5. Let s 0 t be positive integers with 0 < t < e 0 and s þ t ¼ 2e 0 . Then there is a symbol L ¼ fX ; Y g, such that the corresponding e-unitary diagram has a fully occupied first row, s index-beads corresponding to X and t index-beads corresponding to Y .
Proof. We start with beads for X and Y at string 0 l and 0 r , respectively. Put a bead on each position of the first row. Then for each i with e 0 c i c e 0 À 1 À t put a bead on each position i r . Then there are no beads on row number 1 at t positions within the right part of the abacus. r Given s, t, for the rest of this section we let L ¼ fX ; Y g be as in Lemma 5.5 with jX j > jY j and label its index-beads such that s 1 > s 2 > Á Á Á > s s correspond to X and t 1 > t 2 > Á Á Á > t t correspond to Y . We put m :¼ rkðLÞ þ e 0 . Considering Remark 5.3 we fix Sp 2m ðqÞ, if defðLÞ is odd, SO (4), we have jp f j l ¼ 2e 0 ¼: e and jÀp f j l ¼ e 0 . Hence, by [7] , l is unitary for G 2m and the cyclic unipotent l-blocks of G 2m are parametrized by e 0 -cocores L. Assume that B L is a cyclic unipotent block parametrized by L. By [9] , we have the following result: Theorem 5.6. The symbols L s i and L t j obtained from L by adding the cohooks ðs i ; s i þ e 0 Þ and ðt j ; t j þ e 0 Þ for 1 c i c s and 1 c j c t label the non-exceptional characters of B L , denoted by w s i and w t j , respectively. Then s ¼ e 0 þ defðLÞ and t ¼ e 0 À defðLÞ. The Brauer tree of B L is of the following shape with the exceptional character between w s s and w t t :
As this Brauer tree is the basic tree we first need to ensure that the symbol L exists for all choices of s and t with s þ t ¼ 2e 0 .
5.2
The basic tree. We need to analyse the structure of the defect groups that arise. Let the notation be as in the previous section. 
Then, for 0 c r c f , X 2 þ X þ a i ðaÞ A F q ½X is also irreducible. Thus the following quadratic forms Q r are isometric to Q:
Hence, for 0 c r c f , there is an automorphism c r A AutðV Þ corresponding to the isometry between ðV ; QÞ and ðV ; Q r Þ. Let the notation be as above. We use a ðÃÞ to denote a or a 0 , depending on which group G 2m is being considered. Put
Then jĜ G 2m : G 2m j ¼ ja ðÃÞ j ¼ f , which is not divisible by l. As a ðÃÞ ðT 0 Þ c G 2e 0 is again a Coxeter torus, we find g 0 A G 2e 0 such that g 0 ða
The relations (4) give
By [1, Theorem 15.1 (5)], there is exactly one blockB B ofĜ G 2m which covers B L witĥ B B ¼ ðB L ÞĜ G 2m . The same argument as in Lemma 4.9 shows that w L is invariant under sj G 2ðmÀe 0 Þ . It remains to analyse the inertia group of the canonical character to determine the number of edges of the Brauer tree.
Hence the inertia index is
and the block under consideration has 2e 0 f ¼ ef edges. By [6, Lemma 3.2], we have S s; t; f as Brauer tree forB B. By the same arguments as in Remark 4.11, this Brauer tree is also the planar embedding.
Brauer trees in principal blocks
In this section we discuss the question whether there are Brauer trees which cannot be realized in the principal block of any group. Indeed we find in Theorem 2 an infinite family of Brauer trees which do not occur in the principal block of any group. To reduce the assertion of Theorem 2 to simple groups, we need the following lemma.
Lemma 6.1. Let G be a group with a cyclic Sylow l-subgroup and with O l 0 ðGÞ ¼ f1g.
(a) The product S of all minimal normal subgroups of G is simple with l j jSj.
(b) G is solvable or satisfies S c G c AutðSÞ.
Proof. (a) Assume that M 1 , M 2 are distinct minimal normal subgroups of G. Then l j jM 1 j and l j jM 2 j, since O l 0 ðGÞ ¼ f1g. Consider subgroups T i c M i of order l for i ¼ 1; 2. As G has a cyclic Sylow l-subgroup, there is an element g A G with
, which is a contradiction to the minimality of M i . Hence there is a unique minimal normal subgroup S, which is simple since it has a cyclic Sylow l-subgroup.
(b) Let C :¼ C G ðSÞ. If S is abelian, it is cyclic of order l. Let ½C; C denote the commutator of C. By [20, Corollary 5.6], we have S V ½C; C ¼ f1g. As S is the unique minimal normal subgroup, we have ½C; C ¼ f1g, hence C is abelian. As G=C embeds into AutðSÞ G C lÀ1 , it follows that G is solvable. If S is nonabelian, then C V S ¼ f1g. As C is a normal subgroup of G, we have C ¼ f1g by the minimality and uniqueness of S as a minimal normal subgroup of G. Hence, S c G ¼ N G ðSÞ c AutðSÞ. Note that in this case, l F jG : Sj by [10] . r Lemma 6.1 provides the reduction needed for Theorem 2.
Proof of Theorem 2. We show that most irregularly shaped stars do not occur as Brauer trees of principal blocks of any group. Let G be an arbitrary finite group. Since we consider the principal block, we may assume that O l 0 ðGÞ ¼ f1g. Note that if S s; t; f and S s 0 ; t 0 ; f 0 are similar stars with s < t and s 0 < t 0 , then s ¼ s 0 and t ¼ t 0 . If G is solvable then the Brauer tree is a regularly shaped star with one edge on each ray. Thus it cannot be similar to an irregularly shaped star. By Lemma 6.1, we may henceforth assume that S c G c AutðGÞ for some non-abelian simple group S. It therefore suffices to prove the theorem for non-abelian simple groups by [6, Lemma 4.3] . We consider these in turn.
(a) A n for n d 5. If A n has a cyclic Sylow l-subgroup then the Brauer tree of the principal block is a straight line with the exceptional vertex placed at one end (see [21] ).
(b) Groups of Lie type.
(i) PSL n ðqÞ, with n d 2, ðn; qÞ 0 ð2; 2Þ; ð2; 3Þ. For ljq, we only need to consider n ¼ 2 and q ¼ l. In this case the principal block of PSL 2 ðlÞ is isomorphic to the principal block of SL 2 ðlÞ, which is a basic tree for a regularly shaped star by [1, Chapter V, p. 123]. For l j q À 1, we only need to consider n ¼ 2. From [2] , in this case the Brauer tree of the principal block of PSL 2 ðqÞ is a basic tree for a regularly shaped star. It remains to consider the cases l F q and l F q À 1. As above, the principal l-block of PSL n ðqÞ is isomorphic to the principal block of SL n ðqÞ. By [6] , the principal block of SL n ðqÞ is in this case similar to the principal block of GL n ðqÞ, which in turn has a basic tree for a regularly shaped star by [8] .
(ii) PSU n ðq 2 Þ, with n d 3, ðn; qÞ 0 ð3; 2Þ. The argument in (i) shows that we may consider GU n ðq 2 Þ, and the results in Section 4 complete the proof in this case.
(iii) PSp n ðqÞ, with n d 2, ðn; qÞ 0 ð2; 2Þ. Let the l-Sylow sugroups of PSp n ðqÞ be cyclic. As jZðSp n ðqÞÞj ¼ gcdð2; q À 1Þ, we may apply the results of Section 5, unless l ¼ 2. But in this case all Brauer trees that arise have only one edge.
(iv) W 2mþ1 ðqÞ, with n d 3, q odd. We may consider GO 2mþ1 ðqÞ and apply the results of Section 5. (vi) E 6 ðqÞ. From [15] , this group has a basic tree for an irregularly shaped star with parameters ðs; t; f Þ ¼ ð2; 6; f Þ with 8f j l À 1 and l j q 4 þ 1 in its principal block.
(vii) E 7 ðqÞ, E 8 ðqÞ. The Brauer trees of these groups have fewer than 249 edges (see [6] ).
(viii) F 4 ðqÞ. From [14] , this group provides no basic tree for an irregularly shaped star in the principal block.
(ix) 3 D 4 ðq 3 Þ. From [11] , there is one basic tree for a star with parameters ðs; t; f Þ ¼ ð1; 3; f Þ with f j l À 1 and 4l j q 4 À q 2 þ 1 in its principal block.
(x) 2 E 6 ðq 2 Þ. From [14] , this group has a basic tree for an irregularly shaped star with ðs; t; f Þ ¼ ð1; 4; f Þ with 5f j l À 1 and l j q 4 þ q 3 þ q 2 þ q þ 1 in its principal block.
(xi) G 2 ðqÞ, 2 B 2 ðq 2 Þ, 2 F 4 ðq 2 Þ, 2 G 2 ðq 2 Þ. There are no exceptions by [13] .
(c) Sporadic groups. By [16] , there are only two principal l-blocks with Brauer trees S s; t; f : in J 1 for l ¼ 19 the Brauer tree equals S 1; 5; 1 and in J 4 for l ¼ 31, the Brauer tree equals S 3; 7; 1 . r
